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ABSTRACT
Quantum-enhanced measurements represent the path towards the best measurement precision allowed by the
laws of quantum mechanics. Known protocols usually rely on the preparation of entangled states and promise
high or even optimal precision, but fall short in real-word applications because of the difficulty to generate
entangled states and to protect them against decoherence. Here, we refrain from the preparation of entangled
states but supplement the integrable parameter-encoding dynamics by non-linear kicks driving the system in the
dynamical regime of quantum chaos. We show that large improvements in measurement precision are possible
by modeling a spin-exchange relaxation-free alkali-vapor magnetometer where the non-linear kicks are realized
by exploiting the ac Stark effect.
Keywords: magnetometer, atomic vapor, cesium, SERF, quantum chaos, kicked top, quantum Fisher informa-
tion, non-linear, decoherence, master equation
1. INTRODUCTION
High-precision sensors are based more and more often on quantum systems such as NV centers,1 photons in
an interferometer,2 or clouds of atoms.3 Optimizing such sensors allows measurement precision to reach the
standard quantum limit. To overcome this limit, it is necessary to exploit genuine quantum properties such
as entanglement of the quantum systems under consideration. Such quantum-enhanced measurements were
proposed to improve frequency standards,4–8 navigation,9 remote sensing,10 measurement of magnetic fields,11
or gravitational wave detection.12,13
Common features of many propositions are the preparation of non-classical, entangled states and integrable
dynamics of the quantum sensor.14 Although the preparation of entangled states is a theoretically well-established
resource that in principle allows one to reach optimal measurement precision, in practice, it represents a huge
challenge to generate entanglement over large systems that is necessary to achieve large improvements in mea-
surement precisions. Further, entangled states are prone to decoherence which leads, for instance, to a severe
decrease of squeezing in interferometers that operate with squeezed vacuum. In particular, it has been shown
that in most cases decoherence prevents reaching the desirable Heisenberg scaling of precision such that the
quantum improvement reduces to a constant factor over the standard quantum limit.15,16
Decoherence in quantum systems and experimental difficulties in generating entanglement call for quantum-
enhanced protocols that perform well under decoherence without requiring the preparation of large-scale entan-
glement. The idea, we proposed in our work about quantum-chaotic sensors,17 is the following: Prepare the
quantum sensor in a coherent state, i.e., the most classical state, that is typically easy to prepare. Then, the
dynamics that encodes the parameter to be measured is supplemented with non-linear kicks, corresponding to
some non-linear Hamiltonian that does not commute with the Hamiltonian of the parameter-encoding dynamics.
This can create quantum chaos, i.e., dynamics that becomes chaotic in the classical limit. The unpredictability
of classical chaos originating from its exponential sensitivity to a change of initial conditions is absent in the
quantum case; instead quantum chaos is characterized by its sensitivity to a change of the dynamics which
can be quantified by the Loschmidt echo. The Loschmidt echo, however, is in the limit of small changes of
the dynamics related to the quantum Fisher information which quantifies the achievable measurement precision
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(a more precise description is given in section 4.1), hinting at an underlying connection of quantum chaos and
achievable measurement precision. At the example of the kicked top model, this correspondence has been studied
numerically in the decoherence-free regime as well as under decoherence.17
Here we simulate a spin-exchange relaxation-free cesium-vapor magnetometer that is turned into a quantum-
chaotic sensor by periodically applying nonlinear, short kicks to the cesium spins that precess in the magnetic
field which has to be measured. Comparing the measurement performance with the same sensor in the absence
of kicks, we find an improvement in measurement precision.
In section 2, we introduce the kicked top model, a standard model to study quantum chaos. In section 3, it
is discussed how to turn an alkali-vapor magnetometer into a quantum-chaotic sensor based on the kicked top
model. The master equation for such a quantum-chaotic magnetometer is given in section 3.2. Finally, in section
4, we introduce the framework of quantum Fisher information which is then used to quantify and compare the
measurement precision of the quantum-chaotic magnetometer.
2. THE KICKED TOP MODEL
Consider an atomic spin of size f with spin operator F = (Fx, Fy, Fz), Fz|fm〉 = ~m|fm〉 and F2|fm〉 =
~2f(f + 1)|fm〉, where f and m are atomic angular momentum quantum numbers. For such an atomic spin,
or actually for any quantum system fulfilling the angular momentum algebra, we can set up the kicked top
model18–20 with time-dependent Hamiltonian
HKT(t) = αFy +
k
(2f + 1)~
F 2x
∞∑
n=−∞
τδ(t− nτ) . (1)
Setting the period τ = 1, the Floquet operator
Uα(k) = e
−ik F
2
x
(2f+1)~2 e−iα
Fy
~ (2)
describes the unitary dynamics from time t to t+ τ . The first term αFy of the Hamiltonian generates a rotation
or precession of the angular momentum around the y-axis by an angle α. The second term contains the non-
linearity F 2x generating an instantaneous kick only if time t equals nτ where n can be any integer. k is the kicking
strength. In total, the dynamics consist of continuous spin precession periodically disrupted by instantaneous
nonlinear kicks. Figure 1 (c) shows the kicked top dynamics integrated in a measurement protocol measuring
the precession angle α.
The kicked top is a standard model in quantum chaos because its dynamics is non-integrable for k ≥ 0 and its
classical limit shows a transition from regular to chaotic dynamics when k is increased. The kicked top has been
realized with single-atom spins in a cold gas21 as well as with a pair of spin-1/2 nuclei using NMR techniques.22
3. A KICKED CESIUM-VAPOR MAGNETOMETER
Alkali-vapor magnetometers in the spin-exchange relaxation-free (SERF) regime23–27 typically consist of a glass
cell filled with the alkali vapor with a density of about 1013 atoms per cm3. The optically polarized spins of the
alkali atoms are the quantum system of the magnetometer that reacts to a magnetic field with precession around
the axis of orientation of the magnetic field. The dominant damping mechanisms originate from collisions of
alkali atoms among each other and with the walls of the glass cell. Therefore, buffer gas is added to the cell and
the inside walls are coated with an anti-relaxation coating. The SERF regime is determined by a spin-exchange
rate that is much higher than the Larmor precession of the spins induced by the magnetic field to be measured;
it is realized by small magnetic fields (10−13 T), high gas pressure in the cell, and heating of the atomic vapor.
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Figure 1: Panel (a): Hyperfine structure of the D1 line of 133Cs (not to scale). Panel (b): Schematic setup
of a kicked cesium-vapor magnetometer. State preparation consists of polarizing the atomic spins optically;
non-linear kicks and readout are realized optically as well, where a polarization measurement is performed for
the transmitted readout beam. Panel (c): Schematic procedure of a quantum chaotic measurement. A state ρ is
prepared, precession Ry(α) encodes the parameter α to the system, non-linear kicks (blue wedges) are applied
periodically, and final readout (semicircle) allows to estimate α.
3.1 Finding a proper parameter regime
In the following, we show how to implement the kicked top model in an alkali-vapor magnetometer in the spin-
exchange relaxation-free (SERF) regime.23–27 We model a cesium-vapor magnetometer at room temperature
similar to the experiments with rubidium vapor of Balabas et al.28
The Cs spin is composed of a nuclear spin K = 7/2 and an electronic spin s = 1/2 of a single valence electron
which splits the ground state 62S1/2 into two energy levels with total spin f1 = 3 and f2 = 4. This results in an
effective Hilbert space of dimension 2(2K+1) = 16 for our model of a kicked SERF magnetometer. Consider the
D1 line of 133Cs as depicted in figure 1 (a). The kicks will be realized exploiting the ac Stark effect, a rank-2 light
shift generated by linearly-polarized, off-resonant light pulse. More precisely, with respect to the 62S1/2, f1 = 3
ground state, the light pulse is tuned halfway between the two hyperfine components of 62P1/2 because the light
shift is strongest there.29,30 The ac Stark effect is present only if the hyperfine splitting of 62P1/2 is resolved
which is not the case under conditions typical for SERF magnetometers due to pressure broadening. Therefore,
we choose a density of only 2× 1010 cesium atoms per cm3 and no buffer gas. It was shown by Balabas et al.28
that thanks to an alkene-based anti-relaxation coating of the walls of the glass cell it is still possible to reach the
SERF regime. Then, pressure broadening is negligible compared to 357 MHz (FWHM) of Doppler broadening of
the hyperfine levels of 62P1/2, which is obtained from the temperature (294 K, room temperature) and the mass
of a cesium atom. Then, the relatively large hyperfine splitting of cesium (1167 MHz, figure 1 (a)) is large enough
to be well resolved. Note that heating of the glass cell is counterproductive as it increases Doppler broadening.
This represents a parameter regime where magnetic precession of the cesium spins corresponds to the linear
precession Hamiltonian in the kicked top model, and short off-resonant light pulses induce the ac Stark effect
corresponding to the non-linear kicks. In the next section we give a master equation taking into account all
relevant decoherence mechanisms including decoherence due to the off-resonant light pulses as well as the finite
length of the light pulses in contrast to the idealized delta-shaped kicks of the kicked top model.
3.2 Master equation
Collisions of cesium atoms lead to spin-exchange and spin-destruction processes with rates Rse ' 12 Hz and
Rsd ' 0.12 Hz, respectively. These decay rates can be estimated from the cross sections of Cs-Cs collisions,31
the mean relative thermal velocity of cesium atoms and their density.32 The Larmor frequency is given by
ΩLar = gfµBB/~ with the Lande´ g-factor gf and the Bohr magneton µB, and we set the magnetic field strength
to B = 4 × 10−14. In the electronic ground state 62S1/2, we have ΩLar ' 0.44 mHz such that Rse  ΩLar, i.e.,
we are in the SERF regime. Then, the effective, joint dynamics of both hyperfine ground states of 62S1/2 is
unaffected by spin-exchange collisions. The alkene-based anti-relaxation coating from Balabas et al.28 supports
up to 106 collisions before the atomic spins become depolarized. For a spherical vapor-cell with 3 cm diameter,
this leads to a damping rate due to collisions with the wall of Rwall ' 11 mHz. Since Rsd  Rwall, spin destruction
is the dominant damping mechanism, and we neglect damping due to collisions with the wall.
In order to model non-integrable dynamics, the theoretical description must take into account the full Hilbert
space of the electronic ground state in contrast to the standard modeling of SERF magnetometers where the
nuclear-spin component is eliminated. We use the following notation: the atomic spin F = K + J can be
decomposed in nuclear spin K and electronic angular momentum J = L + S, where L is the orbital angular
momentum and S the electron spin. The evolution of the spin density matrix ρ is described by a master equation
that includes damping originating from collisions of cesium atoms33 and an interaction with an off-resonant light
field in the low-saturation limit29 modeling the non-linear kicks:
dρ
dt
= Rse [ϕ(1 + 4 〈S〉 · S)− ρ] +Rsd [ϕ− ρ] + ahf [K · S, ρ]
i~
+
HeffA ρ− ρHeff†A
i~
+ γnat
1∑
q=−1
∑
f,f1
W ff1q ρf1f1
(
W ff1q
)†
+
∑
f1 6=f2
W f2f2q ρf2f1
(
W f1f1q
)† . (3)
The first summand describes spin-exchange relaxation, and ϕ = ρ/4 + S · ρS is called the purely nuclear part of
the density matrix, where the electron-spin operator S only acts on the electron-spin component with expectation
value 〈S〉 = tr[Sρ]. Spin-destruction relaxation is given by the second summand. The third summand describes
the hyperfine coupling of nuclear spin K and electronic spin S with hyperfine structure constant ahf, and the
fourth summand drives the dynamics with an effective non-hermitian Hamiltonian on both ground-state hyperfine
manifolds HeffA = H
eff
A,f=3 +H
eff
A,f=4, with
HeffA,f = ~ΩLarFy +
∑
f ′
~Ω2C(2)j′f ′f
4(∆ff ′ + iγnat/2)
(L · F)2 . (4)
The effective Hamiltonian includes Larmor precession with frequency ΩLar of the atomic spin in the external
magnetic field B = Byˆ and the rank-2 light-shift induced by a linearly polarized light pulse with unit polarization
vector L of the light field and off-resonant with detuning ∆ff ′ from the D1-line transition with f → f ′.
We take kick pulses to be polarized in x-direction, L = xˆ, while the pulse beam propagates in z-direction,
as indicated in figure 1 (b). Further, the prefactor of the non-linearity consists of the characteristic Rabi
frequency Ω = γnat
√
Ikick/(2Isat) of the D1 line, with saturation intensity of off-resonant linearly polarized
light34 Isat ' 2.5 mW cm−2, natural line width γnat, kick-laser intensity Ikick, and coefficients
C
(2)
j′f ′f = (−1)3f−f
′
√
30(2f ′ + 1)√
f(f + 1)(2f + 1)(2f − 1)(2f + 3)
{
f 1 f ′
1 f 2
} ∣∣∣oj′f ′1/2f ∣∣∣2 . (5)
The curly braces denote the Wigner 6j symbol and oj
′f ′
jf is defined as
oj
′f ′
jf = (−1)f
′+1+j′+K
√
(2j′ + 1)(2f + 1)
{
f K j′
j 1 f
}
, (6)
where the total angular momenta of ground and excited levels of the D1 line are j = j′ = 1/2. Photon scattering
is taken into account by the imaginary shift iγnat/2 of the detuning ∆ff ′ in the effective Hamiltonian and by the
remaining parts of the master equation that correspond to optical pumping which leads to cycles of excitation to
the 6P1/2 manifold followed by spontaneous emission to the ground-electronic manifold 6S1/2. When the laser
is switched off, the master equation solely involves the first four summands (spin exchange, spin destruction,
hyperfine coupling, effective Hamiltonian) and the effective Hamiltonian reduces to the Larmor precession term.
The jump operators are given as29
W fbfaq =
4∑
f ′=3
Ω/2
∆faf ′ + iγnat/2
(
e∗q ·Dfbf ′
) (
L ·D†faf ′
)
, (7)
with the spherical basis e1 = −(xˆ+iyˆ)/
√
2, e0 = zˆ, e−1 = (xˆ−iyˆ)/
√
2, where xˆ, yˆ, zˆ denotes the Cartesian basis,
and D†ff ′ =
∑
q,m,m′ e
∗
qo
j′f ′
jf 〈f ′m′|fm; 1q〉 |f ′m′〉〈fm| is the raising operator with Clebsch-Gordan coefficients
〈f ′m′|fm; 1q〉.
The Euler method is used to solve the non-linear trace-preserving master equation and hyperfine coupling
is taken into account by setting off-diagonal blocks of the density matrix in the coupled |fm〉-basis after each
Euler step to zero,25 because they oscillate very quickly with frequency ahf. In distinction from the kicked top
model, kicks are not assumed to be arbitrarily short, i.e., kicks and precession coexist during a light pulse. In
each Euler step during a kick, the non-linearity and the corresponding dissipation is factored in by calculating a
superoperator and applying it to the state.
The period between pulses, and the duration and intensity of light pulses must be chosen such that the
favorable effect of kicking outweighs the detrimental effect of induced decoherence. The intensity of the light
pulses inducing the non-linear kicks is set to Ikick = 0.1 mW/cm
2
and light pulses are detuned halfway between
the hyperfine splitting of 62P1/2, ∆34 ' −584 MHz. The period is τ = 1 ms where during the last 2µs of each
period the light pulse is applied which corresponds to a very low effective kicking strength of k ' 6.5× 10−4 for
the lower hyperfine level of the ground state.
Doppler broadening is taken into account by numerically averaging the righthand side of the master equation
over the Maxwell-Boltzmann distribution of velocities of an cesium atom. This translates into an average over
detunings ∆ff ′ . We limit averaging over detunings to a 3σ interval because ∆  Ω must hold within the
description of the master equation.29
The initial spin-state is polarized with a circularly polarized pump beam in z-direction orthogonal to the
magnetic field (see figure 1 (b)) resonant with the D1 line which in the presence of spin-relaxation leads to an
effective thermal state33
ρ =
eβKzeβSz
ZKZS
, (8)
where β = ln 1+q1−q , with polarization q = 0.95, and Zj =
∑j
m=−j e
βm is the partition function. The readout
is accomplished typically with the help of an off-resonant probe beam by measuring its polarization which
experienced a Faraday rotation during the interaction with the atomic spin ensemble, see figure 1 (b). Since we
are interested only in a comparison of measurement strategies, with kicks and without kicks, we do not model
readout noise which is the same for both strategies.
4. MEASUREMENT PRECISION
We will first introduce Fisher information and quantum Fisher information and show the connection of the latter
to fidelity establishing a fundamental relation between achievable measurement precision and quantum chaos.
Then, we will compare measurement strategies (kicks versus no kicks) by means of these quantities.
4.1 Quantum Fisher information and fidelity
If the probability distribution of measurement outcomes depends on a parameter α, we can estimate α from the
measurement outcomes. High measurement precision corresponds to a low variance (or standard deviation) of
our estimate αest of α which is lower bounded by the Crame´r–Rao bound,
Var(αest) ≥ 1
MIFisher,α
, (9)
where M denotes the number of measurements and IFisher,α is the Fisher information.
35 It is given by
IFisher,α :=
∫
dξ
(dpα(ξ)/dα)
2
pα(ξ)
, (10)
where pα(ξ) denotes the probability of observing the measurement outcome ξ. Describing the parameter-
dependent quantum state of the quantum sensor by a density operator ρα and the measurement by a positive
operator-valued measure (POVM) {Πξ} with positive operators Πξ that correspond to observing the measure-
ment outcome ξ, the probability for observing ξ is given by the Born rule, pα(ξ) = tr [Πξρα]. Minimizing
Var(αest) with respect to the choice of measurement, yields the quantum Crame´r–Rao bound,
Var(αest) ≥ 1
MIα
, (11)
where Iα is the quantum Fisher information
36 (QFI),
Iα = lim
→0
4
1− F
2
, (12)
with F the fidelity between the state ρα and the perturbed state ρα+,
F =
∥∥√ρα√ρα+∥∥22 , (13)
where ‖A‖1 = tr
√
AA† is the trace norm.
In the field of quantum chaos, fidelity, usually evaluated for pure states and unitary dynamics, is called
Loschmidt echo and represents an important quantity to study the sensitivity to changes of a parameter of
the dynamics.37 As can be seen from equation (12), only in the limit of small perturbations, known as the
perturbative regime,38,39 QFI is given by the fidelity.
Comparing two measurement strategies by comparing the maximal QFI or Fisher information of both strate-
gies is not fair in terms of resources if the maxima are reached at different times, i.e., if the two strategies
consume different amounts of time. In principle, the faster measurement strategy could be followed up with
another measurement until the other strategy is finished, or it might be better to not even wait until QFI is
maximal but instead perform a series of shorter measurements∗. This means that there is a tradeoff between
measurement time and repetitions of a measurement which gives a prefactor M for the QFI (equation 11) for M
repetitions. Therefore, we consider the rescaled QFI and rescaled Fisher information,
I(t)α =
Iα
t
, (14)
I
(t)
Fisher,α =
IFisher,α
t
, (15)
with measurement time t. Rescaled QFI (or rescaled Fisher information) decays if QFI (Fisher information) is
∝ tx with x < 1 indicating that it is better to stop the measurement and start a new one; linear M scaling
is then better than ∝ tx scaling. Classical averaging over long times typically leads to a x = 1 scaling which
motivates giving sensitivity (standard deviation of the estimator) in units of 1/
√
Hz which is well established in
experimental physics. On the other hand, quantum coherence typically leads to an x = 2 scaling. Rescaled QFI
allows us to compare measurement strategies that use different amounts of time; best precision corresponds to
the maximum rescaled QFI or Fisher information.
4.2 Comparison of a cesium-vapor magnetometer with and without kicks
We compare now the kicked cesium-vapor magnetometer in the SERF regime as described above (section 3.2)
with exactly the same magnetometer in the absence of kicks, denoted as reference in the following. Figure
∗The underlying assumption is that it is always possible to interrupt and repeat a measurement and that preparation
and readout times of single measurements can be neglected.
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Figure 2: Performance of a magnetic-field measurement with a kicked cesium-vapor magnetometer. The gray
dashed line shows the rescaled quantum Fisher information I
(t)
B for measuring the magnetic field B, the blue line
is obtained by periodically adding short optical kicks every τ = 1 ms. The inset shows precision ∆B in units of
T/
√
Hz for an optimal measurement (gray dashed line and blue line without and with kicks, respectively) and
for measuring the z-component of the electronic spin Sz (gray dash-dotted and red line without and with kicks,
respectively).
2 shows rescaled QFI for both measurement strategies: It is remarkable that the rescaled QFI for the kicked
magnetometer continues to increase when the reference already starts to decay due to decoherence although kicks
introduce additional decoherence. The inset shows the measurement precision ∆B in units of T/
√
Hz per 1 cm3
vapor volume. It is defined by ∆B = 1/
√
nI
(t)
B , where n ' 2× 1010 is the number of cesium atoms in 1 cm3, and
for a specific measurement I
(t)
B must be replaced by the corresponding rescaled Fisher information I
(t)
Fisher, B. We
find about 31% improvement in measurement precision ∆B for an optimal measurement and 68% improvement
in a comparison of measurements of the electronic spin component Sz. Such an Sz measurement is easily realized
by measuring the Faraday rotation of an off-resonant readout beam with a polarization measurement as indicated
in figure 1 (b).
5. DISCUSSION
We propose a method to improve sensitivity of a cesium-vapor magnetometer in the spin-exchange relaxation-free
regime. We do not need to prepare an initial entangled states but supplement the spin-precession dynamics of the
magnetometer with nonlinear kicks generated with off-resonant light pulses via the ac Stark effect. The interplay
of precession in the magnetic field and non-linear kicks put the dynamics in the regime of quantum chaos.
A simulation of the magnetometer based on a master equation including all relevant decoherence mechanisms
reveals improved robustness with respect to decoherence by including non-linear kicks to the dynamics even
though kicks induce additional decoherence.17 In our concrete example we find up to 68% improvement in
measurement precision over a the same magnetometer in the absence of kicks. We expect a further improvement
in precision if the transmission of the off-resonant kick pulses is measured. Large improvements can be expected
by increasing the system size, which is restricted to single cesium spins in our case because the non-linear kicks
act only on single atom spins. Applying the non-linear kicks to the joint spin of cesium atoms in the vapor
cell could be realized by exploiting effective interactions between the atoms in a cavity as suggested in40 or
by using the interaction with a propagating light field as demonstrated experimentally in41,42 with about 1012
cesium atoms. Finally, the idea of a quantum-chaotic sensor17 is very general and we expect improvements in
many other quantum sensors that can be rendered chaotic as well; candidates are BECs or arrays of NV centers
exploiting interactions leading to an effective non-linearity.
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